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Abstract
In this paper we study the self-organization process of adiabatic
shear bands in OFHC copper and HY-100 steel taking into account
strain hardening factor. Starting from mathematical model we present
new numerical approach, which is based on Courant – Isaacson – Rees
scheme that allows one to simulate fully localized plastic flow. To
prove accuracy and efficiency of our method we give solutions of two
benchmark problems. Next we apply the proposed method to inves-
tigate such quantitative characteristics of self-organization process of
ASB as average stress, temperature, localization time and distance
between ASB. Then we compare the obtained results with theoretical
predictions by other authors.
Keywords: Adiabatic shear banding; Self-organization; Numerical simu-
lation; Courant – Isaacson – Rees scheme.
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1 Introduction
It is known that one of the most curious phenomenon in nonlinear science
is a self-organization of stable structures in physical systems. A striking
example of such processes is a process of self-organization of adiabatic shear
bands in ductile materials. In the last few decades this phenomenon attracts
increased attention since it turned out that ASB is one of the major failure
mechanisms in variety of materials exposed to high strain-rates deformations.
The localization places of ASB are more brittle than the surrounding areas
so that in the case of prolonged deformation the material is destroyed along
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the ASB. In fact, adiabatic shear bands are narrow regions (1-500 µm) where
the high temperatures and deformations are reached due to the conversion
of plastic work to heat without heat transfer. The following phenomenon
was observed in a series of technological processes of manufacturing, military
and space industry. Examples of such processes are found in shock loading,
metal forming, ballistic impact [1–3] and has even been the hypothesis of the
space shuttle crash [4, 5].
For the first time the self-organization process of adiabatic shear bands
was observed in experimental works of Nesterenko et.al. [6,7]. Authors stud-
ied the radial collapse of thick-walled cylinder under controlled explosion
technique. They succeeded to reach a high initial strain-rate deformation
∼ 104 s−1. Nesterenko et.al. observed the formation of multiple shear bands
spaced periodically with a characteristic distance between them. To compare
those results with theoretical predictions they used Grady and Kipp [10] and
Wright–Oscendon estimates [11] of the distance between ASB. According to
Grady and Kipp the average distance between ASB (LGK) is governed by
momentum diffusion during the growth time [10]. To calculate the distance
between ASB Wright-Ockendon have used perturbation approach [11]. Au-
thors showed that for different Fourier modes the growth rate varies but there
is finite wavelength with the maximum growth rate which corresponds to the
most probable spacing between shear bands (LWO) [11]. It should be noted
that the same method was used in works by Molinari [12], Batra and his
coauthors [13–16] to estimate the spacing between ASB for the different ma-
terials, models and constitutive relationships. Among other works devoted
to investigation of the features of adiabatic shear bands collective behavior
we have to note the works by Zhou et.al. [17, 18]. Based on the method
of characteristic, authors proposed the numerical algorithm for studying the
ASB formation in one-dimension. Using the combined dimensional analysis
and numerical simulation they obtained the empirical formula for the estima-
tion of band spacing in materials (LZWR). However all of these theoretical
estimates LWO, LGK , LZWR do not take into account the strain hardening ef-
fect. In work [15] authors have derived the formula for describing the strain-
hardening materials but this estimation is valid on initial stage of multiple
ASB formation. Thus, motivated by [18] and [15], we are going to study the
self–organization process of adiabatic shear bands taking into account the
strain hardening effect in OFHC copper and HY-100 steel.
Besides the experimental approach the most effective way to study the
process of ASB formation is a numerical simulation. There are a lot of
works where the method of numerical simulation was successfully applied
[19–22,24,25]. However most of them concentrated on the investigation of a
single band evolution. Many of these numerical algorithms designed to solve a
2
particular problem and it is difficult to generalize them to solve the problems
of another type. In work [18] authors noted that in the case of multiple shear
bands formation at the random places these algorithms lose effectiveness. To
overcome this difficulty we developed new numerical methodology that allows
one to solve the one–dimensional model of adiabatic shear bands formation.
Our work is organized as follows. In the section 2 we present the basic
equations for the description of the ASB formation in one–dimension. In
section 3 we describe our numerical methodology. In section 4 we solve two
benchmark problems from [26] and finally in section 5 we present the results
of our numerical investigation of the multiple ASB formation taking into
account strain hardening factor.
2 One-dimensional model of adiabatic shear
bands formation
We consider the process of shear deformation in an infinite slab of incom-
pressible elastic, thermo-visco-plastic material. Slab height is 0 ≤ y ≤ H.
The geometry of the problem is presented in Fig. 1.
According to [26, 28, 29] the problem considered can be expressed by the
following system of equations
vt =
1
ρ
τy, (2.1)
τt − µvy = −µε˙p, (2.2)
ψt =
τ ε˙p
κ(ψ)
, (2.3)
ε˙p = Φ−1(T, ψ, τ). (2.4)
CρTt = (kTy)y + βτ ε˙
p, (2.5)
where y is the Lagrangian spatial coordinate, t is the time, τ(y, t) is the
nonzero component of the stress tensor, v(y, t) is the velocity, T (y, t) presents
the temperature of material, ε˙p(y, t) is the plastic strain rate. Furthermore,
ρ is a mass density, β is the Taylor-Quinney parameter, µ(T ), C(T ) and k(T )
– elastic shear modulus, specific heat and thermal conductivity respectively
that can be a functions of temperature. Here, Eq. (2.1) is the equation
of motion, Eq. (2.2) is the elastic relation, Eq. (2.3) describes the strain
hardening process, Eq. (2.4) is the plastic flow law and Eq. (2.5) is the
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energy conservation. Note that in works [17, 18, 30] to define the value of
plastic strain εp(y, t) authors used the relation
εp =
∫ t
0
ε˙pdt′, (2.6)
that is the equivalent to the strain hardening variable ψ [26]. We use both
relations (2.3) and (2.6) to calculate the plastic strain and then compare
obtained results for ψ and εp with each other.
Figure 1: Geometry of the problem
It is known that the process of initiation and formation of adiabatic shear
bands accompanied by large deformations and temperature changes. Thus
the phase changes may take place. However, we ignore such effects.
Initially, the slab is free of strain and is shearing under the uniform strain
rate ε˙0. The initial conditions, in that case, take the form
v(y, 0) = v0(y), T (y, 0) = T0(y), τ(y, 0) = τ0(y),
ψ(y, 0) = ψ0, ε˙
p(y, 0) = ε˙0, ε(y, 0) = 0.
(2.7)
Boundary conditions were used in the form
v(0, t) = 0, v(H, t) = vB,
∂T
∂y
(y = 0) = 0,
∂T
∂y
(y = H) = 0. (2.8)
Note that one can use other boundary conditions, example of which is given
in [17,18,31–33].
3 Numerical strategy
Let us consider the process of adiabatic shear band formation described
by the closed system of Eqs. (2.1)–(2.5) taking into account initial and
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boundary conditions (2.7), (2.8). It is known that effective methods to solve
such initial–boundary value problem are numerical methods. In order to
construct a numerical solution, we introduce a rectangular grid Π = {yj =
j∆y, tn = n∆t}, where j = 0...J, n = 0...N , ∆y,∆t are integration space and
time steps respectively. So we introduce the following notations of functions
in the grid nodes f(yj, t
n) = fnj .
The system of Eqs. (2.1)–(2.5) is mixed. It contains the hyperbolic
subsystem of Eqs. (2.1) – (2.2), parabolic Eq. (2.5), nonlinear ordinary
differential Eq. (2.3) and nonlinear relation (2.4). To obtain the numerical
solution of that system we have to take into account its mixed type.
At first we solve the mechanical part of the problem and determine stress
τ and velocity v. For this purpose we consider the subsystem of hyperbolic
equations
vt − 1
ρ
τy = 0,
τt − µvy = −µε˙p.
(3.1)
Note that shear modulus µ can be the function of temperature T .
To construct a finite-difference scheme for approximating (3.1), we have
used the scheme of Courant-Isaacson-Rice type (CIR) [34]. Suppose we have
a system of hyperbolic equations written in matrix form
Ut + A(U)Uy = 0, A(U) = ΩRΛΩL, U = (u1, u2)
T , (3.2)
where U is the vector that depends on variables y, t. The diagonal matrix Λ
consists of eigenvalues of the matrix A, i.e. Λ = diag[λ1, λ2]. The matrix ΩR
and ΩL are connected by relation ΩRΩL = I, where I is the identity matrix.
In this case the finite-difference scheme of CIR’s type is represented as
Un+1j −Unj
∆t
+ A(Unj )
Uj+1/2 −Uj−1/2
∆y
= 0,
Um+1/2 =
1
2
(Unm + U
n
m+1) +
1
2
Snj (U
n
m −Unm+1), m = j, j − 1
S = ΩR[signλpδpl]ΩL.
(3.3)
We apply the finite-difference scheme (3.3) to the system (3.1) without
its right part. For this we take U = (v, τ)T and get
A =
(
0 −1
ρ
−µ 0
)
, Λ =
√µρ 0
0 −
√
µ
ρ
 ,
ΩR =
(
1 1
−√µρ √µρ
)
, ΩL =
(
1
2
− 1
2
√
µρ
1
2
1
2
√
µρ
)
.
(3.4)
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If we convert the matrix form of finite-difference scheme to the notation for
each equation separately and take into account its right part we will obtain
the following system of equations
vn+1j = v
n
j +
∆t
2ρ∆y
(τnj+1 − τnj−1) +
1
2
√
µnj
ρ
∆t
∆y
(vnj+1 − 2vnj + vnj−1), (3.5)
τn+1j = τ
n
j +
µnj ∆t
2∆y
(vnj+1 − vnj−1) +
1
2
√
µnj
ρ
∆t
∆y
(τnj+1 − 2τnj + τnj−1)−
−µnj ∆t
ε˙
p(n+1)
j + ε˙
p(n)
j
2
,
(3.6)
where j = 1, ..., J−1. State Eq. (2.4) closes the system (3.5)-(3.6). We write
Eq. (2.4) in a discrete form
ε˙
p(n+1)
j = Φ
−1(T nj , ψ
n
j , τ
n+1
j ). (3.7)
Substituting Eq.(3.7) in Eq.(3.6), we obtain the nonlinear algebraic equa-
tion for the unknown quantity τn+1j
τn+1j = τ˜
n
j − µnj ∆t
Φ−1(T nj , ψ
n
j , τ
n+1
j ) + Φ
−1(T nj , ψ
n
j , τ
n
j )
2
, (3.8)
where
τ˜nj = τ
n
j +
µnj ∆t
2∆y
(vnj+1 − vnj−1) +
1
2
√
µnj
ρ
∆t
∆y
(τnj+1 − 2τnj + τnj−1). (3.9)
To solve Eq.(3.8) with respect to τn+1j , we have used the Newtons method,
because the simple iteration method does not converge at the moment of the
adiabatic shear band formation.
The finite-difference scheme (3.5)-(3.6) is sustainable under the condition
max
j,n
√(
µnj
ρ
)
∆t
∆y
6 1. (3.10)
In this regard, the calculations will be carried out using the condition
∆t = min
0≤j≤J
α∆y
√
ρ
µnj
, (3.11)
where α is any value at the interval (0, 1].
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A magnitude of plastic strain ε
p(n+1)
j is calculated using the trapezoidal
rule as
ε
p(n+1)
j = ε
p(n)
j +
∆t
2
(
ε˙
p(n+1)
j + ε˙
p(n)
j
)
. (3.12)
To construct the numerical approximation of the strain hardening Eq.
(2.3) with the initial condition (2.7), we use the fourth order Runge-Kutta
method. According to this method we obtain the discrete equation for vari-
able ψ
ψn+1j = ψ
n
j +
∆t
6
(k1 + 2k2 + 2k3 + k4),
k1 = f(τ
n
j , ε˙
p(n)
j , ψ
n
j ),
k2 = f
(
τ
n+1/2
j , ε˙
p
(
T nj , τ
n+1/2
j , ψ
n
j +
∆t
2
k1
)
, ψnj +
∆t
2
k1
)
,
k3 = f
(
τ
n+1/2
j , ε˙
p
(
T nj , τ
n+1/2
j , ψ
n
j +
∆t
2
k2
)
, ψnj +
∆t
2
k2
)
,
k4 = f
(
τn+1j , ε˙
p
(
T nj , τ
n+1
j , ψ
n
j + ∆tk3
)
, ψnj + ∆tk3
)
,
(3.13)
where τ
n+1/2
j = (τ
n+1
j + τ
n
j )/2 and f has the form
f(τ, ε˙p, ψ) =
τ · ε˙p
κ(ψ)
. (3.14)
For the approximation of heat equation (2.5), we use a two-layer implicit
finite-difference scheme. As a result we obtain
T n+1j − T nj
∆t
=
kn+1j+1 + k
n+1
j
2Cn+1j ρ
T n+1j+1 − T n+1j
∆y2
− k
n+1
j + k
n+1
j−1
2Cn+1j ρ
T n+1j − T n+1j−1
∆y2
+
+
β
Cn+1j ρ
(τn+1j + τ
n
j )(ε˙
p(n+1)
j + ε˙
p(n)
j )
4
.
(3.15)
The system of algebraic equations (3.15) is solved using the sweep method.
The above scheme is applied to all internal nodes (1 6 j 6 J − 1). The
two boundary nodes (j = 0 or j = J) are processed separately. For constant
velocity and adiabatic boundary conditions (2.8), the boundary temperatures
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are calculated after the internal nodes are solved
τn+10 = τ
n
0 + ∆tµ
n
j
(
vn+11 − vn+10
∆y
)
−∆tµnj
(
ε˙
p(n+1)
0 + ε˙
p(n)
1
2
)
,
τn+1J = τ
n
J + ∆tµ
n
j
(
vn+1J − vn+1J−1
∆y
)
−∆tµnj
(
ε˙
p(n+1)
J + ε˙
p(n)
J−1
2
)
,
vn+10 = 0, v
n+1
J = ε˙0H,
T n+10 = T
n+1
1 , T
n+1
J = T
n+1
J−1 .
(3.16)
Because the boundary conditions are given implicitly by the terms ε˙
p(n+1)
0
and ε˙
p(n+1)
J we use iterations for them.
4 Verification of the numerical methodology
Let us present the verification results of our numerical methodology. We
consider two benchmark problems which were solved by Walter in [26]. It
should be noted that some of these problems were considered in works [17,
19,20].
4.1 Benchmark problem 1: Adiabatic shear band for-
mation in steel HY-100 without strain hardening
effects
Let us discuss the first benchmark problem that was studied in [17,26].
The slab is 6.94 mm long, deforming at nominal strain rate of ε˙0 = 750
s−1. The plastic flow law was used in the form
τ = κ0g(T )
(
1 +
ε˙p
ε˙y
)m
, (4.1)
where κ0 is the static yield stress, ε˙y is a reference strain rate, m is the
strain-rate sensitivity and g(T ) is a thermal softening factor that was used
in the form
g(T ) = exp(−aT ). (4.2)
The process of strain-hardening was neglected in (4.1).
According to the equation (4.1) we obtain the expression for ε˙p as
ε˙p =
ε˙y
2
([ |τ |
κ0g(T )
] 1
m
− 1
)(
1 + sign
[[ |τ |
κ0g(T )
] 1
m
− 1
])
. (4.3)
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Material parameters in this case are presented in Table 4.1 and are identical
to those used by Walter [26].
Table 4.1: Elastic, thermo-visco-plastic parameters of HY-100 steel.
µ, ρ, k, C, ε˙y, a, m κ0, ψ0 n
GPa kg/m3 W/m oC J/kg oC s−1 oC−1 MPa
80 7860 49.2 473 10−4 6.43 · 10−4 0.025 600 0.012 0.107
We have performed computations only for elastic, perfectly plastic prob-
lem. The computational domain is divided with 6941 nodes (∆y = 10−6 m).
Boundary conditions were used in the form (2.8), where vB = ε˙0H. Initially
velocity is given by the linear function v(y, 0) = ε˙0y, the slab is free of stress
τ0(y) = 0 and the initial temperature distribution is taken as
T0(y) = 16.2
[
1− 4
( y
H
− 0.5
)2]9
exp
[
−20
( y
H
− 0.5
)2]
. (4.4)
Such nonuniform distribution of initial temperature is used to trigger shear
band formation at the center of the slab.
Figure 2: (a) – central stress and temperature (1,2), (b) – central plastic
strain rate (ε˙0 = 750 s
−1).
The evolution curves for the central values of stress, temperature and
strain rate are shown on Fig. 2. We give only a narrow region where
εnom ∈ [0.27, 0.32]. To compare our results with Walters results we scale
the stress, temperature and strain rate by the values 600 MPa, 162 oC and
750 s−1, which are the same as in the work [26]. From Fig. 2 we see that
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the localization time for the current problem appears with the nominal plas-
tic strain about 0.28, the maximum amplitude and the behavior of stress,
temperature and plastic strain rate curves are all the same as in the Walters
problem. Thus we may make a conclusion that our numerical methodology
work correctly if we do not take into account strain hardening effects.
4.2 Benchmark problem 2: Adiabatic shear band for-
mation in OFHC copper taking into account strain
hardening effects
Let us present another benchmark problem, which was studied by Walter
in [26]. This problem differs from the previous one since it takes into account
the process of strain hardening in material.
Let us consider the slab which made of OFHC copper. The slab is 3.18
mm long and is deformed at strain rate of ε˙0 = 330 s
−1. The Litonski’s flow
law is used to simulate the adiabatic shear bands formation
τ = k(ψ)g(T ) (1 +m · ln(b|ε˙p|)) , (4.5)
The thermal softening factor g(T ) and strain hardening factor κ(ψ) are used
in the form
g(T ) = (1− aT )3, (4.6)
κ(ψ) = κ0
(
1 +
(
ψ
ψ0
)n)
. (4.7)
According to state Eq. (4.5) we have found the formula for ε˙p in the form
ε˙p =
1
b
exp
{
1
m
(
τ
κ(ψ)g(T )
− 1
)}
. (4.8)
The material parameters corresponding to OFHC copper are shown in Table
4.2.
Table 4.2: Elastic, thermo-visco-plastic parameters of OFHC copper [26].
µ, ρ, k, C, ε˙y a, m κ0 ψ0 n
GPa kg/m3 W/m oC J/kg oC s−1 oC−1 MPa
45 8960 386 383 1 9.47 · 10−4 0.027 69 0.261 0.32
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The boundary conditions were the same as in the previous benchmark
problem. The initial conditions for stress, velocity, temperature and strain
hardening were taken in the following form
τ(y, t = 0) = 1 +m · lg(bε˙0),
v(y, t = 0) = ε˙0y,
T (y, t = 0) = 0,
ψ(y, t = 0) = 0.
(4.9)
Figure 3: (a) – central stress and temperature (1,2), (b) – central strain rate
and strain hardening parameter (1,2) where (ε˙0 = 330 s
−1).
The slab was divided by the 3181 computational nodes such that ∆y =
1µm. The stress τ , temperature T and plastic strain rate ε˙p were scaled by
the values 69 MPa, 20 oC, 330 s−1. The calculation results are shown in Fig.3.
When we compare the results plotted in Fig. 3 and Fig. 23 from [26] we see
that the evolution curves of stress, temperature, strain hardening and plastic
strain rate are the same. Thus our numerical methodology works correctly
even if we take into account the strain hardening effects.
5 Numerical experiments on the formation of
multiple adiabatic shear bands in OFHC
copper and HY-100 steel
Let us study the effect of strain-hardening on the formation of multiple
adiabatic shear bands in materials. We consider two specimens which are
made of OFHC copper and HY-100 steel. The height of the specimens was
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equal to 23.18 mm. We use the Litonski’s flow law in the form
τ = κ(ψ)g(T )
(
1 +
ε˙p
ε˙y
)m
, (5.1)
with thermal softening factor g(T ) described in Eq. (4.6) for OFHC copper
and by (4.2) for HY-100 steel. Thermo–physical parameters of steel and
copper are given in Table 4.1, 4.2 respectively. The function κ(ψ) is taken
as (4.7) for both materials.
We assume that the initial temperature distribution over the samples is
uniform where T0 = 0
oC. The velocity distribution over the height of the
sample is linearly i.e. v0 = ε˙0y. Thus the initial conditions were used in the
form
τ(y, 0) = τ0(1 + ξ), ψ(y, 0) = 0,
T (y, 0) = 0, v(y, 0) = ε˙0y,
ε˙p(y, 0) = ε˙0, ε
p(y, 0) = 0,
(5.2)
where ξ is uniformly distributed random variable in [0, 1]. Because of inho-
mogeneities in the microstructure of the material the stress distribution over
the sample becomes nonuniform. So the initial condition in this form prop-
erly describes the real physical problem. It should be noted that the similar
way to generate ASB formation process was proposed by Batra et.al. earlier
in [27]. However authors used the periodic function with a known period to
initiate growth of ASB. Thus the places, where ASB are formed, are known.
Fig. 4 shows the distribution of temperature T , speed v, plastic strain
εp and plastic strain rate ε˙p in the slab of OFHC copper at ε˙0 = 10
5 s−1.
At the first stage of the adiabatic shear bands formation process the tem-
perature distribution over the height of the sample is uniform (Fig.4a). The
corresponding value of nominal strain is εnom < 1.33. Then there is a sharp
increase in temperature of the sample in the areas of localization of adiabatic
shear bands from T ∼ 70 oC to T ∼ 500 oC. At the last stage the distribution
of temperature becomes stationary on a whole computational domain. The
velocity distribution over the height of the sample takes the form of stairs
(Fig.4b). Sharp jumps of the velocity are observed in the localization areas
of shear bands. On Fig.4c,d we plot the dependence of strain and plastic
strain rate on the coordinate y at different times. Fig.4c shows that when
εnom < 1.33 there is an uniform distribution of strain ε in the specimen and
ε˙p ≈ ε˙0. In the case when εnom > 1.33 sharp jumps of strain (from εp = 0.4
to εp = 100 and more) appear in the localization areas. From physical point
of view the value of plastic strain εp cannot be 100 or larger since the mate-
rial point will fail even at a lower plastic strain. In the case of HY-100 steel
the distribution of strain and temperature is uniform when εnom < 1.25. If
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εnom > 1.25 we observe a sharp jump of the temperature in localization areas
from T ∼ 200 oC to T ∼ 1000 oC. Numerical experiments show that the lo-
calization area of each shear band in OFHC copper and HY-100 steel is very
small. The mechanical band width for OFHC copper approximately equals
10µm and 1µm for HY-100 steel. The initial value of strain rate does not
effect on the band width as well as the refinement of the mesh.
Fig. 5 shows the profiles of temperature, velocity, logarithm of strain
hardening variable and plastic strain taking into account the strain hardening
process. This process leads to an increase of the material strength and so it
leads to an increase of localization time. For OFHC copper the value of the
temperature in ASB regions increase on ∼ 100oC and for HY-100 steel the
temperature in ASB regions increase on ∼ 250oC. We have noted earlier, that
ψ and εp has the same physical interpretation, but their values in localization
areas of ASB (which coincides) differ approximately in five times for OFHC
copper and in three times for HY-100 steel (Fig. 5).
Evolution of the average values of stress τav and temperature Tav at ε˙0 =
105 s−1 are presented in Fig.6, taking into account the strain hardening
effect and not. The average values τav, Tav are calculated using the following
formulas [18]
Tav =
1
J + 1
J∑
j=0
Tj, τav =
1
J + 1
J∑
j=0
τj. (5.3)
Based on the obtained dependencies we can define the localization time like
the time when dτ/dεnom tends to its maximum. Usually at this moment τav
lies between 80 − 90% from its maximum value. It should be noted that
the following criterion implies that shear bands formed simultaneously. So
their collective behavior can be considered as the behavior of one band with
thermo-physical characteristics presented on Fig. 6. This assumption can be
done since most shear bands form approximately at the same time, see Fig. 7.
Numerical experiments showed that value of localization time decreases with
increasing of the initial strain rate and varies from 70µs to 13.5µs for HY-
100 steel and from 204µs to 43µs for OFHC copper at 2 × 104 6 ε˙0 6 105
s−1. Let us note that nominal strain for HY-100 approximately equal to
εnom = 1.39 and εnom = 4.2 for OFHC copper. We note, that it is possible
that if the strength of perturbations will be widely different this estimate
cannot be used. However, this assumption gives good results even if we
increase the amplitude of initial disturbances in twice. From Fig. 6 we see
that the effect of strain hardening significantly influences on the evolution of
the stress-temperature curves and on the value of the localization time. The
average temperature at localization time in OFHC copper is approximately
about Tav = 80
oC and if we take into account strain hardening the average
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Figure 4: Self-organization of adiabatic shear bands without strain hardening
effect. Profiles of: (a) – temperature T ; (b) – velocity v; (c) – plastic strain
rate ε˙p; (d) – logarithm of plastic strain lg εp; 1-3 – εnom = 0.44, 1.33, 2.67
(ε˙0 = 10
5 s−1).
temperature is Tav = 182
oC. As for HY-100 steel, the average temperature
is about Tav = 256
oC without strain hardening effect and if we take the
hardening process into account average temperature becomes Tav = 725
oC.
It should be noted that for OFHC copper there is no significant difference
between the average value of stress with and without strain hardening effect
at the moment of localization however for steel the values of stress differ
twice (Fig.6).
Adiabatic shear bands are the regions in which high temperatures and
deformations emerge for a very short period of time. That is why we can
calculate the number of bands using two different criteria. According to the
first one the number of bands Nε equal to the number of local maxima of
strain εp, which exceed a threshold strain εtr [18, 31]. On the other hand
we can calculate the number of bands NT as a number of local maxima of
14
Figure 5: Self-organization of adiabatic shear bands with strain hardening
effect. Profiles of: (a) – temperature, T ; (b) – velocity of material particles,
v; (c) – logarithm of strain hardening variable ψ, ε˙p; (d) – logarithm of plastic
strain lg εp; 1-3 – εnom = 2.23, 3.12, 6.24 (ε˙0 = 10
5 s−1).
temperature which exceed a threshold value Ttr. Note that in strain criteria
one can use the value of ψ but the location of the maxima for ψ and εp
are the same thus there is no matter what we use. However, it is more
convenient to use εp, because we can compare the number of bands formed
in the case when we take ψ into account and not using the same threshold
strains εtr. Numerical experiments show that strain criteria more useful then
temperature one [31]. Let us explain this fact. The evolution of the value of
Nε with time can be divided on three stages. At the first stage the value of
Nε = 0. The second stage corresponds to the beginning of the localization
process. The value of Nε increases sharply. Finally, on the third stage the
value of Nε becomes constant. The example of such evolution is plotted in
Fig. 7 or one can find it in works [18, 31]. However the behavior of NT
does not obey to this scenario. When the localization process takes place the
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Figure 6: Distribution of average stress(solid line) and temperature(dashed
line) for OFHC copper (a) and HY-100 steel (b). 1(1,2) – average stress and
temperature without strain hardening, 2(1,2) – average stress and temperature
with strain hardening. (ε˙0 = 10
5 s−1).
value of NT tends to its maximum (maxNT > maxNε) and then starts to
decrease stepwise [31]. After a while the value of NT becomes approximately
equal to Nε. Thus we use the deformation criteria to define the number of
bands in this work. Moreover for each value of initial strain rate ε˙0 , we
have performed numerical simulation with several distributions of random
disturbances of defects and then calculate the average value of Navε for each
value of ε˙0 . The dependence of N
av
ε from the initial plastic strain rate ε˙0 at
threshold strain εtr = 50 for OFHC copper and εtr = 80 for HY-100 steel for
cases with and without strain hardening is illustrated in Fig.8. From Fig.8
we see that the number of adiabatic shear bands increases with increasing
the value of initial strain rate.
From Fig. 7 and Fig. 8 follows that if we take into account the processes
of strain hardening the total number of shear bands decreases. For OFHC
copper the amount of shear bands decreases approximately on 30− 40%, for
HY-100 steel on 12 − 25%. Note, that above mentioned relations do not
depend on threshold strain. However the value of Navε depends on the value
of εtr. The following dependencies for copper and steel are illustrated in Fig.9
for the case when ε˙0 = 10
5 s−1.
It is known that the adiabatic shear bands formation leads to the ap-
pearance of cracks in their localization areas. Therefore the estimation of
the distances between ASB is very important problem. Using the theoretical
and numerical approach in works [10,11,18] authors proposed the convenient
formulas for the estimation of the distance between ASB. These formulas
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Figure 7: Number of formed adiabatic shear bands Nε counted for OFHC
copper (a) and HY-100 steel (b). For (a): 1(1,2) − 4(1,2) – without and with
strain hardening effect (εtr = 30, 40, 50, 80). For (b): 1
(1,2) − 2(1,2) – without
and with strain hardening effect (εtr = 30, 80) (ε˙0 = 10
5 s−1).
take the form
LGK = 2
(
9κC
k0a2ε˙30
)1/4
, LWO = 2pi
(
m3κC
k0a2ε˙30(ε˙0/ε˙y)
m
)1/4
,
LZWR =
√
2
2 +m
pim3/2
(
c
aε˙20
)1/2[
1 +
(
1 + 8
kε˙0
m3ck0
)1/2]1/2
.
(5.4)
In the present work to calculate the distance between the ASB we use
the formula
Lav =
H
m
m∑
i=1
1
Nε,i
, (5.5)
where m is a number of calculations corresponding to specific value of initial
strain rate ε˙0 with different distribution of initial disturbances. It should be
noted that using the formula (5.5) we obtain the average distance between
ASB. This estimation seems acceptable since the distance between localiza-
tion areas can be considered the same (Fig. 4, 5) for both materials and the
process of ASB formation is quasiperiodic. Moreover this fact is confirmed
by works of Nesterenko and et.al. [7–9]. Also we have calculated the standard
deviation and relative error in shear band spacing. From Fig. 10 we see that
the value of average band spacing decreases with increasing of initial strain
rate. The same behavior is observed for absolute value of standard deviation
s. For example in the case of HY-100 steel at ε˙0 = 10
5 s−1 average band
spacing equals Lav = 1.34 with s = 0.104 and if ε˙0 = 70 × 103 s−1 then
Lav = 1.97 with s = 0.29. In the case of OFHC copper band spacing equals
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Figure 8: Dependence of average value of Navε from ε˙0 for OFHC copper (a)
and HY-100 steel (b). Dots – without strain hardening effect, triangles –
with strain hardening effect. (a) – εtr = 50, (b) – εtr = 80. (ε˙0 = 10
5 s−1).
Lav = 0.957 with s = 0.036 and Lav = 1.289 with s = 0.047 for ε˙0 = 10
5 and
70 × 103 s−1 respectively. Here we take εtr = 50. In turn, the value of rela-
tive error varies on the interval 3− 6% for OFHC copper and on 8− 18% for
HY-100 steel. Numerical experiments show that these values do not depend
on initial strain rate. Let us note that the main advantage of the estimation
(5.5) is the fact that we can use it when specific heat k, thermal conductivity
C and shear module µ are functions of temperature.
Fig.10 shows the comparison of numerical and theoretical estimates of
the distance between ASB depending on the initial strain rate ε˙0 at different
threshold strains εtr taking into account the strain hardening process. The
results of the numerical simulation lie between the estimates of LWO, LZWR
and the estimate of LGK , i.e. LGK ≤ Lav ≤ LWO, LZWR. It turned out that
for HY-100 steel the results are closer to LGK , however for OFHC-copper the
results are closer to LWO, LZWR. Note that logarithm of average distance
between ASB decreases linear with increasing of initial strain rate ε˙0.
6 Conclusions
The process of multiple adiabatic shear bands formation in OFHC copper
and HY-100 steel is considered. The mathematical model described the pro-
cess of ASB formation is formulated taking into account the strain hardening
factor. To solve this problem we present the finite difference scheme that is
based on Courant – Isaacson – Rees scheme. This algorithm has several ad-
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Figure 9: Dependence of Nε from threshold strain εtr for OFHC copper (a)
and HY-100 steel (b). Dots – without strain hardening effect, triangles –
with strain hardening effect. (ε˙0 = 10
5 s−1).
Figure 10: Dependence of logarithm of average distance between ASB lgLav
from initial strain rate ε˙0 for OFHC copper (a) and HY-100 steel (b) taking
into account strain hardening. Curves 1-3 corresponds to lgLGK , lgLWO
and lgLZWR estimates. For (a): εtr = 80, 50, 20, 10 (curves 4-7). For (b):
εtr = 80, 50, 10 (curves 4-6).
vantages. First of all, it allows observing numerically the process of ASB
formation from the initial to the final stage of localization. Its efficiency and
accuracy were analyzed on two benchmark problems by Walter [26]. Both
tests show that our results are identical to those obtained in [26]. Secondly,
this approach can be used when the shear modulus µ, specific heat C and
thermal conductivity k are functions of temperature. For example the al-
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gorithm proposed in [17, 18] cannot be used in this case. Thirdly, it allows
taking into account strain hardening effect. Since our approach based on
the explicit finite-difference scheme it is easier in realization than numerical
approaches based on finite element method [23, 26]. Moreover, in order to
accelerate computation the algorithm can be easily parallelized.
Using the above mentioned algorithm we have provided the numerical
simulation of adiabatic shear bands formation taking into consideration the
strain hardening effect. It was shown that this effect changes the quantitative
characteristics of ASB formation process. The temperature in ASB regions
increase approximately on ∼ 100oC for OFHC copper and on ∼ 250oC for
HY-100 wherein the average temperature of the specimen increase from 80oC
to 182oC and from 256oC to 725oC for copper and steel respectively. Numer-
ical experiments show that the strain hardening also influence on the total
number of shear bands formed. The number of ASB decrease approximately
on 30−40% for OFHC copper and on 12−25% for HY-100 steel. It was shown
that the average distance between ASB in HY-100 steel is closer to Grady–
Kipp estimate but for OFHC copper the distance tends to Wright–Oscendon
and Wright–Zhou–Ramesh estimates.
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